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Two-lane highwaysThe purpose of the study was to compare the prediction power of a simpliﬁed non-canonical Poisson crash-
prediction model to other model types. The model, ﬁtted to serious and fatal crash data from 86 two-lane
low-volume rural highway segments, showed a good ﬁt, which was not signiﬁcantly different from that of
a negative binomial model. The application of the present model uses the linear form of the non-canonical
Poisson model. Hence the simpliﬁcation of the model versus other models results from the ﬁnding that the
expected number of crashes per 1 km is directly proportional to the daily volume, unlike logarithmic func-
tions in other models. In the non-canonical model, it is necessary to estimate only one parameter, whereas
estimations of more parameters are needed in the negative binomial model.
© 2011 International Association of Trafﬁc and Safety Sciences. Published by Elsevier Ltd. All rights reserved.1. Introduction and background
The paper summarizes a research study aimed at determining the
proper way to analyze and predict fatal and serious crashes on two-
lane rural roads, particularly on paved low-volume roads. Crashes
on such highways may be random and far apart, and many segments
may have no crashes at all for extended periods. It is often necessary
to predict the probability of crashes and to identify certain highways
as dangerous, since they have a higher than average number of crashes,
in contrast to highways termed safe, which have a lower probability
of occurrences of serious and fatal crashes. The study proposes a new
methodology to be applied to the analysis and prediction of crashes
on low-volume roads and, thus, to provide engineers and decision-
makers with the necessary tools for determining several engineering
issues, such as whether a road needs alignment improvements. The
threshold for low-volume roads in this study was established at
3000 ADT, based on level-of-service criteria which will be discussed
below.
The United States has approximately 3 million miles of low-volume
roads, which are under the control of more than 35,000 local govern-
ment agencies. Serious-crash rates on such roads are much higher
than on higher-volume roads: 2.41 accidents per million vehicle miles
traveled on low-volume roads vs. 1.56 accidents per million vehicle
miles traveled on higher-volume roads.: +972 153 544 949 608.
ni@jce.ac.il (M. Cohen).
ssociation of Trafﬁc and Safety ScienPrevious studies utilized different methodologies of analyze crash
prediction on highways. As Joshua and Garber [10] pointed out, linear
regression models do not adequately describe the nature of crash-
frequency data. Their adequacy is also challenged by authors who
use zero-inﬂated Poisson or zero-inﬂated negative binomial regres-
sion techniques to explain the majority of 0 counts (see, e.g., [5]).
Poisson or negative binomial regression models are better suited,
then, for deﬁning the random, discrete, and non-negative nature of
crash occurrences [11].
The importance of road safety has led to a considerable number
of crash-prediction research studies (e.g., [1–4,6–8,13,14]). All the
papers known to us used a canonical link function for the Poisson
distribution that equates the natural logarithm of the expected
number of accidents to a linear function of the independent vari-
ables. In order to obtain a reasonable ﬁt of the model to the data,
an error term that is Gamma distributed was added. Consequently,
the distribution of the number of accidents can be shown to be a
Negative Binomial. This approach, however, is numerically compli-
cated, and the two distribution parameters have no intuitive appeal.
Studies have also investigated the association between crash oc-
currences and various variables, such as trafﬁc volume, speed limits,
and number of lanes (e.g., [9]).
The most widely available trafﬁc data is the Annual Daily Trafﬁc
(ADT), which provides a measure of exposure for a particular road-
way segment [8]. Qin et al. [10] found that the relationship between
crashes and ADT is non-linear and varies by crash type; it is also
signiﬁcantly different from the relationship between crashes and
segment length for all crash types.ces. Published by Elsevier Ltd. All rights reserved.
Table 1
Portion of the data set for low-volume roads.
Highway
number
Section
number
Section
length
(km)
Crashes ADT
(thousands)
Fatal and
serious
crashes
Fatal and
serious
crashes
per km
Years
2002–2004 2002–2004 2002–
2004
2002–
2004
Serious Fatal
653 20 28.3 10 4 1.097 14 0.495
918 10 1.6 1 1 0.984 2 1.250
87 730 9.7 4 1 1.673 5 0.515
7109 10 2.8 2 1 2.072 3 1.071
9779 2 14.3 5 2 2.071 7 0.490
8177 10 1.1 0 0 0.191 0 0.000
9088 720 23.2 2 4 1.193 6 0.259
9888 10 2.0 2 0 2.027 2 1.000
5532 10 3.9 3 0 2.526 3 0.769
98 760 0.4 0 0 1.992 0 0.000
8966 12 0.6 0 0 1.465 0 0.000
667 10 0.5 0 0 1.961 0 0.000
386 9 13.2 4 2 2.661 6 0.455
87 740 2.2 2 0 2.544 2 0.909
8077 10 0.9 0 0 1.194 0 0.000
40 10 0.8 0 0 1.436 0 0.000
3544 10 0.5 0 0 2.676 0 0.000
40 11 0.5 0 0 2.713 0 0.000
2410 10 2.6 0 0 0.548 0 0.000
978 720 0.7 1 0 2.277 1 1.429
8944 10 1.0 0 0 1.892 0 0.000
869 710 1.3 0 0 1.667 0 0.000
91 750 1.6 0 0 1.463 0 0.000
2444 10 7.4 2 0 1.228 2 0.270
7255 10 9.1 2 0 1.183 2 0.220
899 30 3.8 0 0 0.826 0 0.000
886 10 1.6 0 1 1.975 1 0.625
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Fig. 1. Distribution of number of serious and fatal crashes according to the data base.
99A. Polus, M. Cohen / IATSS Research 35 (2012) 98–103Our study uses a non-canonical link function for the Poisson model
that is equal to the canonical link function of the normal regression
model. Thus, we assume that the expected number of crashes equals a
coefﬁcient βmultiplied by ADT and by the length of the section. The co-
efﬁcient β represents the collective characteristics, and its maximum
likelihood estimatormay be obtained simply and has intuitivemeaning.
Furthermore, the model that is proposed in the sequel ﬁts the collected
average aggregate crash data reasonably well, and its conﬁdence limits
may easily be computed.
2. Data and preliminary statistics
For the present study, a database containing all accidents on all
two-lane highways in Israel was extracted from the ﬁles of the
Central Bureau of Statistics. It was necessary to select from this da-
tabase only the low-volume roads (LVR), and to do so it was nec-
essary to establish a threshold, below which a road is considered
a low-volume road. The following methodology was adopted.
Itwas decided that only road segmentswith level-of-service A could
qualify as low-volume roads. The level-of-service on rural two-lane,
two-way highways is measured primarily by the PTSF (Percent Time
Spent Following) parameter, which assesses the percentage of time
that a fast vehicle is impeded by a slower vehicle, until the passing
process starts. In a recent paper [12], PTSF values for level-of service
A were suggested as ranging from 0%–15%. It is possible to adopt the
higher value of this range as a threshold beyond which a road can no
longer be categorized as LVR. The same paper also suggested that this
value of PTSF could be converted into a two-way hourly volume of
300 vph, which is approximately equivalent to 3000 vehicles per
day (vpd) in the two directions.
Accordingly, the complete data set was reduced to roads with a
two-way daily volume (ADT) of less than 3000 vpd. This resulted in
86 road-sections with low volumes. The data included the volume,
length of section, number of fatal crashes, and number of serious crashes.
Part of the data set is presented in Table 1; note that all volumes are
below 3000 ADT, deﬁned in this study as a threshold for LVR. Fig. 1
shows thedistribution of thenumber of serious and fatal crashes accord-
ing to the database. It can be observed that many roads do not have any
crashes, whereas some roads have ten or more crashes.
3. Model selection and discussion
It has been shown, as can be seen in Fig. 1, that many roads do
have a zero number of crashes. Obviously, the number of crashes can-
not be lower than zero, and therefore the assumption of a normal dis-
tribution necessary for the usual regression model does not hold.
Hence, in general, the use of a Poisson distribution is recommended
for counted data, since it takes into account any non-negative integer
value of occurrences. In this case, occurrences refer to the number of
crashes on a two-lane highway section. A further complication is that
data are given for different road lengths and different ADT volumes.
Clearly, the longer the road and the higher the ADT, the greater the
chances that more crashes will occur.
The data for this study is composed of 86 road segments of different
lengths and ADT volumes. The numbers of serious and fatal crashes in
road sections together with their lengths where these crashes occurred,
were collected and published by the Central Bureau of Statistics. If it is
assumed that crashes occur at random, then the expected number of
crashes is likely to grow linearly with segment length. This is not neces-
sarily true for ADT, however, since the number of crashes is expected to
grow monotonously with ADT; this is further discussed below. Some
previous studies attempted to ﬁt a Poisson model to the number of
crashes as is usually done with counted data. They considered the ca-
nonical link function when using generalized linear models to predict
the number of crashes. The canonical link in case of the Poisson regres-
sion is the natural logarithm of the independent variables' linearfunction. Any other link is not canonical, including unit link used in
this paper that is the independent variables' linear function. For more
information the reader may ﬁnd in Appendix A. Here it is assumed
that λ is a linear function with 0 intercept of the predictors L (the sec-
tion length) multiplied by V (the section ADT). However, the canonical
link function between λand L is
ln λð Þ ¼ β0 þ β1L: ð1Þ
Eq. (1) may also be rewritten as Eq. (2):
λ ¼ eβ0eβ1L: ð2Þ
Eq. (2) means that the intensity of occurrence, λ, grows exponen-
tially with the length of the section, L. This contradicts the logical
100 A. Polus, M. Cohen / IATSS Research 35 (2012) 98–103hypothesis (made in Poisson occurrences) that as L increases – and
the segment remains roughly homogeneous; i.e., the probability of
a crash per unit length is about equal – the number of expected
crashes should increase proportionally; i.e., linearly.
The growth of λ as a function of the volume is more complex
than the growth that is due to the length L. Consider two types of
crashes: a single-vehicle crash and a crash between two vehicles.
Single-vehicle crashes are obviously proportional to the volume.
Crashes between two vehicles, it may be assumed, are possible with
any two vehicle pairs; the number of these crashes, then, is proportional
to the square of the volume because if the probability of a two-vehicle
crash is equal for all pairs of n vehicles, the number of pairs is approxi-
mately n2/2. Therefore, the probability of a two-vehicle crash increases
as a square of n.
However, this assumption is an overestimation of the number of
crashes because vehicles that are not adjacent to each other are not
likely to be involved in a two-vehicle crash. It is logical to assume
that the growth of the number of crashes between two vehicles is
more than linear, but much less than quadratic. Furthermore, the
interaction between two cars on low-volume roads is less frequent
and more far between; thus, the average number of crashes is even
closer to a linear relationship. This entire concept is shown schemat-
ically in Fig. 2, which presents the following models of the average
number of crashes per year per km, A.: (a) linear growth for single-
vehicle crashes; Aa=β2(ADT); (b) pure quadratic growth model as
discussed above: Ab=β3(ADT)2; (c) a model between linear and
pure quadratic growth for both single and two-vehicle crashes that
discount the lower probability of crashes between far-apart vehicles
on high-volume roads: Ac=(1−α1)Aa+α1Ab; (d) same model as c
but for low-volume roads: : Ad=(1−α2)Aa+α2Ab where α2bα1
due to the fact that two-vehicle interactions are lower on low-volume
roads; and (e) the exponential relationship that follows from the canon-
ical link function of the Poisson generalized linear model similarly to
Eq. (2): Ae=β0exp(β1(ADT)).
It is reasonable to assume a linear model (as in a) because of the
great separation between cars on low-volume roads. In contrast, the
exponential model that results from assuming a canonical link func-
tion of the Poisson regression grows even faster than the quadratic
model as can be seen, albeit conceptually, in Fig. 2. Moreover, this
growth starts at some positive value even when the volume is zero,
which is conceptually objectionable.
The exponential model overestimates the expected number of
crashes with higher ADT or equivalently underestimates the number
of crashes in lower ADT. To counter-balance this disparity, either a
zero-inﬂated model or a negative binomial model is assumed. Both
these models attach higher weights to the expected number of0.000
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Fig. 2. Schematic presentation of the average number of crashes as a function of ADT,
according to ﬁve models (a-linear, b–pure quadratic, c–mix of quadratic and linear,
d–mix of quadratic and linear for LVR, e–exponential).crashes in lower ADT values. This study claims that the same effect
can be reached by a linear link function of the volume in which the
coefﬁcient has an appealing intuitive interpretation.
The model that is adequate and that deals with the issues dis-
cussed above is based on a Poisson distribution, with an expected
value of λ= β ∙L ∙V, where L is the section length (km), V is the ADT
(vehicles per day, in thousands), and β is a constant to be estimated
from the data (and will be further discussed below). Note that the
expected value of β ∙L ∙V is the linear function of the volume – line
(a) in Fig. 2. The probability of y crashes (total number of serious
and fatal crashes) on a section with length L and volume V is given
by the Poisson formula as:
Prob Y ¼ yf g ¼ β L  Vð Þ
y·e−βLV
y!
ð3Þ
This model is termed the Non-Canonical Poisson Model (NCPM). It
is non-canonical as it does not follow the canonical relationship as
given by Eq. (1) but still, it is Poisson as Y is distributed by the Poisson
distribution as given above. For several road sections indexed by i,
this leads to a Poisson regression with a simple estimate of the β pa-
rameter, given as:
β ¼ ∑yi∑Vi·Li
ð4Þ
where yi is the number of crashes on road section I; and Vi and Li are
the ADT volume and length of the same section i. The parameter β
shown in Eq. (4) is obtained by the usual maximum likelihood esti-
mation (see Appendix B).
In this approach, β has an appealing intuitive meaning, which
is the average number of crashes per unit length and unit volume.
Unfortunately, no simplemeaningmay be attached to the coefﬁcients of
the generalized linear model when the canonical link function is used.
This is true for both the simple Poisson, zero-inﬂated Poisson and the
negative-binomial models.
4. Comparison of models to data
Fig. 3 shows a comparison of the Poisson model and the Negative
Binomial model (both of which give the expected number of crashes)
to the actual combined number of serious and fatal crashes that oc-
curred on all two-lane LVR roads in the data set. A chi-square test
of the goodness-of-ﬁt of the non-canonical Poisson crash-prediction
model (Eq. (3)) compared to the observed number of crashes shows a
fairly good ﬁt; this is summarized in Table 3. Hence, the null hypothesis
that assumes that [1] the distribution of crashes is Poisson and [2] the
expected value of crashes is β ∙L ∙V cannot be rejected at a signiﬁcance
level of 5%.0
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Fig. 3. Comparison of a negative binomial and a Poisson model to the actual combined
number of serious and fatal crashes.
Table 2
Schematic description of estimating the expected number of roads with a given number of crashes, according to the Non-Canonical Poisson model (Eq. (3)).
Road number Road length ADT Calculation of λ Number of crashes
i Li Vi β∗Li∗Vi 0 1 2 3 ….
Probability of number of crashes on road i
1 L1 V1 β∗L1V1 Prob01 Prob11 Prob21 Prob31 ….
2 L2 V2 β∗L2V2 Prob02 Prob12 Prob22 Prob32 ….
3 L3 V3 β∗L3V3 Prob03 Prob13 Prob23 Prob33 ….
… … … … … … … … ….
Sum of probabilities in each column ∑ Prob0i ∑ Prob1i ∑ Prob2i ∑ Prob3i ….
101A. Polus, M. Cohen / IATSS Research 35 (2012) 98–103The Negative Binomial model, which is commonly employed in
crash predictions, uses the following probability function for the
number of crashes:
Prob yið Þ ¼
Γ θþ yið Þ
Γ θð Þ·y! u
θ
i 1−uið Þyi ð5Þ
where ui ¼
θ
θþ λi
; θ is a parameter to be estimated; and Ln(λi) is a
linear function of L (section length) and the ADT volume.
There are three possible sub-models for the Ln(λi) relationship to
the length and volume:
Ln λið Þ ¼ βLV ð6Þ
Ln λið Þ ¼ β1L þ β2V ð7Þ
Ln λið Þ ¼ β0 þ β1L þ β2V: ð8Þ
Model 8 was used, for example, in [1], though they used additional
independent variables, such as speed, lane, or shoulder width. The
maximum likelihood method was used to estimate all parameters in
the four models (β for model of Eq. (3); θ and β for model of
Eq. (6), θ; β1 and β2 for model of Eq. (7); and θ, β0, β1, and β2 for
model of Eq. (8)).
In order to compare the four models (models in Eqs. (3), (6), (7),
and (8)), it is necessary to estimate the expected number of highways
with X=0, 1, 2,… crashes. The number of crashes consists of the sum
of serious and fatal crashes. For a given road, the probability of X
crashes is calculated, using the estimator of the parameters, and the
probability function of Eqs. (3) and (5). Eq. (3) – the Non-Canonical
Poisson model – is proposed in this study while Eq. (5) is evaluated
for each of the sub-models, Eqs. (6), (7), and (8).
The probabilities computed for each road, with its given length
and volume, and the sum of the probabilities of X crashes for all
roads are presented at the bottom of each column. Table 2 presents
the concept of the calculations for the Non-Canonical Poisson model
(Eq. (3)); the sums on the bottom row are the expected number of
roads with X crashes according to this model. It is possible to con-
struct an equivalent table for each prediction model. The ellipses
show that the table is to be extended for as many rows as are studied
roads and as many crashes as is the maximal number of crashes foundTable 3
Comparison of the Fit of four models to actual observed data.
Number Model Number of
0 1
1 Non-Canonical Poisson, λ=βLV 37 2
2 Negative binomial, ln(λ)=βLV 33.8 2
3 Negative binomial, ln(λ)=β1L+β2V 37 2
4 Negative binomial, ln(λ)=β0+β1L+β2V 40 2
Observed number of roads with a given number of crashes 40 1in any of the roads. Note that the value of parameter β for each road is
estimated by Eq. (4). For the other models, the parameters are esti-
mated from the data of all roads, and in the same manner, by the
maximum likelihood principle.
Potentially there are two techniques to assess models: either the
likelihood ratio test or chi square test for goodness of ﬁt for discrete
data. Likelihood ratio test compares two models when one is the ex-
tension of the other. However, the model presented here is neither an
extension of a model from the literature such as one in [1], nor of the
random case, so the likelihood ratio cannot be used. Consequently, chi
square test for goodness of ﬁt remained for assessing the model of
this paper. The comparison is presented in Table 3.
Unfortunately, a similar chi-square test for Model of Eq. (6) cannot
be performed, since the degree of freedom becomes zero because of
the small number of cells in which the expected number of crashes
is at least ﬁve (as required for the chi-square test).
Fig. 3 compares Models Eqs. (3) and (6) to the actual observations
for each X number of crashes over 3 years. The height of the bars rep-
resents the number of roads with X crashes. It can be seen from this
ﬁgure that the Poisson model (Eq. (3)) provides a slightly poorer pre-
diction, particularly at X=0. However, this visual observation seem-
ingly contradicts the conclusions from Table 3. This results because
the chi-square distribution considers not only the numerical ﬁt but
also the degrees of freedom. Indeed, Model Eq. (3) ﬁts the actual
data fairly well with only one estimated parameter (β). In Model of
Eq. (6), it is necessary to estimate four parameters (β0, β1, β2, θ), and
the additional improvement in its ﬁt is marginal. Obviously, when
more parameters are estimated from the data, the ﬁt improves, albeit
not signiﬁcantly. Moreover, the estimation of the parameters by the
maximum likelihood method is simple for Model Eq. (3) (see Eq. (4));
in contrast, it requires complex calculations for negative binomialmodels.
5. Applying the non-canonical Poisson model
Once it was established that the average number of serious and
fatal crashes could be estimated by a non-canonical Poisson model,
it was decided to use this model to develop a prediction model for
the expected number of crashes. Note that the parameter β represents
the characteristics and qualities of the population category from which
the data is obtained. Different data categories (e.g., crashes on freeways
vs. crashes on two-lane highways; different driver populations, etc.) willcrashes per 3 years Chi-square
statistics
Degree of
freedom
p-
value
2 3 4 or more
1.3 11.9 6.5 9.3 4.26 3 0.23
1.2 12.4 7.2 11.4 5.78 2 0.06
0.6 11.5 6.5 10.5 4.86 1 0.03
0.8 10.6 5.5 9.1 5.22 0 NA
6 17 5 8
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Fig. 5. Number of serious crashes per km as a function of average daily trafﬁc (in
thousands).
102 A. Polus, M. Cohen / IATSS Research 35 (2012) 98–103exhibit different values of β. In this section, the two categories consid-
ered are fatal vs. serious crashes, both on two-lane low-volume roads.
It is seen that the application of the model uses the linear form of
the non-canonical Poisson model, which is shown schematically as
line (a) in Fig. 2. This is justiﬁed particularly for low volumes.
However, the length of all road sections was not constant, and
therefore it was necessary to normalize the number of crashes per
unit length (1 km). Figs. 4 and 5 show the data points for the number
of fatal and serious crashes per km (respectively) vs. the Average
Daily Trafﬁc (ADT) in thousands of vehicles. Additionally, the line of
the Poisson regression model that predicts the average expected
number of each type of crash is also shown in Figs. 4 and 5. The
model is also shown on each ﬁgure; note that the slope of the line is
equal to β.
A comparison of the predictions of the two types of crashes –
serious and fatal – is shown in Fig. 6. Note that the number of serious
crashes is more than double the number of fatal crashes (approx. 2.7
times more).6. Summary and further research
The study has presented a new simpliﬁed model, termed a non-
canonical Poisson model, to predict the number of crashes on rural
highways; the application of the model to low-volume roads was
presented and discussed. It was shown that an adequate prediction
model is a Poisson model, based on a Poisson distribution, with an
expected value of β ∙L ∙V, where L is the section length (km), V is
the ADT volume (vehicles per day, in thousands), and β is a constant
to be estimated from the data. The application of the model uses a
linear link function instead of a canonical link function in the pro-
posed Poisson regression. Hence, the simpliﬁcation of themodel ver-
sus other models stems from the expected value of β ∙L ∙V, which is a
linear function (in L∙V), unlike logarithmic functions in other models.
Different data categories will exhibit different values of β, and
thus it is possible to develop different values to predict the crash
rate for different highway types, populations, and trafﬁc and geomet-
ric conditions. Two categories considered in this study were fatal and
serious crashes, both on two-lane low-volume roads. It was shown
that the number of serious crashes is about three times the number
of fatal crashes for the same ADT on low-volume roads. Based on
crash data from 86 highway segments over a three-year period, the
simpliﬁed Poisson model was indeed shown to ﬁt the actual data
fairly well with only one estimated parameter (β). In contrast, the
Negative Binomial model necessitates the estimation of four param-
eters (β0, β1, β2, θ), but the additional improvement in its ﬁt was
shown to be marginal.
Future research may focus on the following issues: (1) further
check of the ﬁt of a non-canonical Poisson model to actual data sets0
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Fig. 4. Number of fatal accidents per km as a function of average daily trafﬁc (in
thousands).of crashes from other highways and/or different driver populations;
(2) analysis of the ﬁt of other models, such as a mix of linear and qua-
dratic models; (3) further evaluation of the relationship between
highway geometry and alignment consistency and the number of
crashes.
Appendix A. The role of link functions in Generalized Linear
Models
Generalized Linear Models deal with errors whose probability
distributions' probability density may be rewritten as:
f yð Þ ¼ exp yθ−b θð Þ
a ϕð Þ þ c y;ϕð Þ
 
: ðA1Þ
If this is possible then the distribution belongs to the so-called
“exponential family”. It can be shown that the normal, gamma, Poisson,
exponential and others belong to the exponential family. The impor-
tance is that it is not necessary to develop different proofs or methods
for each family member; rather one that ﬁts for all the members
when using (A1).
The main issues are that the random variable multiplies θ only at
the numerator and the other possible termwhen the random variable
“mixes” with only parameter (ϕ) in term c() and the other terms are
functions of each parameter (b(θ) and a(ϕ)) only.
Rewriting the normal distribution obtains:
f yð Þ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2πσ2
p exp − y−ð Þ
2
2σ2
( )
¼ exp yθ−θ
2
=2
ϕ
− y
2
2ϕ
− ln 2πϕð Þ
2
 !( )
:
ðA2Þ
Provided that μ is replaced by θ and σ2 is replaced by ϕ. Thus, at
least for the normal distribution θ is the expected value that0
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Fig. 6. Expected number of serious and fatal crashes per km over 3 years vs. average
daily trafﬁc (in thousands) — ﬁtted Poisson regression to data.
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rameter) and ϕ is the variance that determines scale of dispersion
(and hence, ϕ is the scale parameter).
No other members of the family has such simple relations with the
parameters θ and ϕ like the normal. Rewriting the Poisson distribu-
tion obtains:
f yð Þ ¼ λ
yey
y!
¼ exp yθ−e
1
−ln y!
1
 
ðA3Þ
where b(θ)=exp(θ) and a(ϕ)=1. Note that the original parameter λ
is replaced by exp(θ) so that y could be multiplied by θ as required
by (A1).
It is proved in the theory of exponential family that the expected
value (μ) of the random variable is given by the differentiating b(θ)
once. For example, for the Poisson distribution:
μ ¼ E Y½  ¼ db θð Þ
dθ
¼
d eθ
h i
dθ
¼ eθ ¼ eln λð Þ ¼ λ: ðA4Þ
In the Generalized Linear Model one has observations yi that are
dispersed around the mean, μi. The mean is also indexed as it is as-
sumed to be a linear function of the independent variables, xi (that
may be a vector). Obviously, θ is also indexed by i.
Treating the Poisson dispersion of errors (or any other members of
the exponential family) similar to the normal case requires consider-
ing θ as the mean. This introduces uniformity in treating all members
of the exponential family. Still one needs a (continues monotonous
invertible function) g() to correspond between θ and the expected
value. This is called the canonical link function.
Thus, the ﬁt with canonical link function is through θ and not
through the expected value that for Poisson distribution is λ. The cor-
respondence is through the canonical link function g(): λ=g(θ). For
the Poisson distribution this is:
μi ¼ g−1
db θið Þ
dθi
 
¼ g−1 eθi
 
⇔g θið Þ ¼ ln μið Þ: ðA5Þ
Hence, the canonical link function for the Poisson distribution is
the natural logarithm of a linear function of xi. However, if one does
not need other exponential family members or does not want to ex-
tend theoretical results for all the members then there is no necessity
to use the canonical link function (natural logarithm of a linear func-
tion of x) and it is possible to choose the most natural link functions
for the application. The most natural choice is of course the expected
value itself that is the unit function: λ=θ. Any other function g() that
is not canonical is called non-canonical. Unit function is termed as
non-canonical function except for the normal distribution where the
canonical and the unit functions coincide.
The paper uses the link function not through θ but rather applied
directly to the original parameter λ. This sacriﬁces the elegance of
general treatment but its advantages are better ﬁt and making simple
the calculations and explanations.Appendix B. Derivation of parameter β
The probability of obtaining the observed values for n roads data
for n roads is
∏
n
i¼1
Prob Y ¼ yið Þ ¼ ∏
n
i¼1
βLiVið Þyi e−βLiVi
yið Þ!
: ðB1Þ
Taking natural logarithm of the product in (B1) obtains the log-
likelihood function:
L ¼
Xn
i¼1
yiln βLiVið Þ−βLiVi−ln yið Þ!ð Þf g: ðB2Þ
Taking the ﬁrst derivative of L with respect to β and equating to
0 yields the maximum likelihood estimator for β:
Xn
i¼1
yiLiVi
βLiVi
−LiVi
 
¼
Xn
i¼1
yi
β
−LiVi
 
¼∑ yi
β
−∑ LiVi ¼ 0⇒β ¼
∑ yi
∑ LiVi
:
ðB3Þ
The second derivative of L with respect to β is
−∑ yi
β2
b 0
provided at least for one road i, yi is positive — that applies to our
case. So β is the unique maximizer of (B1) as should be.
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